We predict enhanced second-harmonic generation in low-damping epsilon-near-zero slabs made of plasmonic nanoshells. We further discuss the contribution of nonlocal effects induced by free-electron gas pressure in metals to the nonlinear response of the slab. 
Introduction
Sub-wavelength epsilon-near-zero (ENZ) slabs have been shown to increase the efficiency of harmonic generation processes thanks to the magnification of the electric field within the slab due to satisfaction of boundary conditions at the interfaces with a higher-index substrate [1] [2] [3] . This effect occurs when the slab is illuminated through an obliquely-incident plane wave for transverse magnetic (TM) polarization and is due to the continuity of displacement field component perpendicular to the interfaces. Metamaterials offer several solutions to engineer the ENZ condition, for example by exploiting the electric dipole resonance of composite materials made of arrangements of metallic nanoparticles [4] . While it is straightforward to make the real part of the effective permittivity cross zero at least at one frequency, this is not the case for the imaginary part, whose value limits field enhancement and penalizes both linear and nonlinear optical applications [1, 3, 5] . The inclusion of active, gain materials in the metamaterial [6, 7] or the use of low-loss plasmonic materials [8] are promising approaches to mitigate losses. In a low-damping ENZ slab two different channels for the enhancement of nonlinear processes are available: (i) a pseudo-Brewster effect; (ii) the presence of narrow-band resonances associated with leaky modes. We show that, when physical parameters meet one of these conditions, conversion efficiency of second harmonic (SH) generation originated from Lorentz, Coulomb and convective forces acting on free electrons is strongly enhanced. At the same time, we show how inherent nonlocalities due to the free-electron hydrodynamic pressure impact the nonlinear response of the structure.
Field Enhancement in low-damping ENZ slabs
The proposed ENZ metamaterial slab comprises a square lattice of nanocylinders with silver nanoshells, with periodicity a, as shown in Fig. 1(a) . The nanoshells' core is a silica-like host matrix containing active, gain molecules (Rhodamine 800) to compensate losses by lowering the imaginary part of the effective permittivity. The incident field is TM-polarized, i.e., the electric field lies in the plane of incidence x-z [see Fig. 1(a) ]. The permittivity of silver ε 2 is taken from [9] , while for the permittivity in the core we use the expression nm, and a = 114 nm. The relative, effective permittivity ε eff of the structure is retrieved via full-wave numerical simulations with the finite element method in COMSOL by using the Nicolson-Ross-Weir (NRW) retrieval method. For this calculation we consider a finite slab of metamaterial with a thickness of 4 periods in the z-direction. The structure is designed so as the emission frequency of the dye molecules, i.e., 422 THz, matches the zero-crossing frequency of the real part of the effective permittivity Re[ε eff ]. The amount of gain in the nanoshells' core is then chosen in order to lower the imaginary part of the effective permittivity Im[ε eff ] at the zero-crossing frequency (~422 THz). As a result, the slab shows an effective permittivity of ~5×10 -4 (1+i) at 422 THz. In Fig. 1(b) we show the reflectance from the slab, calculated by homogenizing the structure with the NRW effective permittivity. The ENZ condition causes impedance mismatch at the slab interface so that reflectance at normal incidence is close to 1 around 422 THz. However, a tunneling effect for TM polarized plane waves occurs within a very narrow angular bandwidth centered at the pseudo-Brewster (PB) angle [10] , where reflection is drastically inhibited [ Fig. 1(b) ]. The analytical expression of the PB angle shows good overlap with the minimum reflectance of the slab [dashed line in Fig. 1(b) ]. Tunneling at the PB angle is associated with a strong electric field enhancement in the ENZ slab triggered by the continuity of the z-component of the displacement field at the interface [1, 3] . We then calculate the average electric field enhancement 
Enhancement of second harmonic generation and nonlocal effects
We exploit the strong field enhancement provided by the ENZ slab [ Fig. 2(a) ] to boost the conversion efficiency of SH generation. We adopt the hydrodynamic model for free electrons to take into account nonlinear and nonlocal effects [11, 12] . Here we assume that a fundamental frequency (FF) signal, tuned at the ENZ frequency (422 THz), impinges on the ENZ slab in Fig. 1 and we calculate the SH signal originating from the metallic nanoshells. The input irradiance at the FF is 100 kW/cm 2 . The conversion efficiency of SH generation is evaluated as
, where FF P is the input power at the FF and SH P is the total power radiated at the SH frequency (obtained by adding forward and backward radiation). In Fig. 2(b) we plot SH η on a logarithmic scale as a function of the angle of incidence for a pump frequency tuned at 422. Fig. 2(b) ]. In scenario (i), i.e., local response approximation, the conversion efficiency peaks at the PB angle and at the angular positions of the three resonances associated with leaky modes [black line in Fig. 2(b) ], following the average electric-field enhancement maxima shown in Fig. 2(a) . We note however that largest SH conversion efficiency is achieved when exploiting leaky modes rather than the PB condition. When the nonlocal, free-electron gas pressure is taken into account [blue line in Fig. 2(b) corresponding to scenario (ii) ], the SH conversion efficiency maxima are significantly damped and the positions of the peaks are shifted at larger angles with respect to the local approximation [black line -scenario (i)]. This is due to the fact that nonlocality introduces extra losses to the system. We then compensate the additional damping due to the electron gas pressure nonlocality by increasing the dye molecules concentration from 0 
Conclusions
The inherent nonlocal response of metal dramatically reduces the average field enhancement in the ENZ slab and, as a consequence, inhibits SH generation. However, when additional gain is introduced in the system to compensate the effective damping due to the nonlocal term, the average field enhancement in the slab increases and simultaneously SH conversion efficiency is boosted.
